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Abstract. We analyze evolution of the interface between immiscible fluids

of different densities in porous media. The fluids can be compressible (CO2

or natural gases) or incompressible (oil, water). We rigorously prove that, if

the heavier fluid is on the top and there are no sink or source, a tip of the

interface will move in the direction of the gravity (if the tip is directed toward
the bottom) or the buoyancy (if the tip is directed toward the top). We also

show how the sink/source influence propagation of the interface and provide

numerical examples.

1. Introduction

Flow in porous media is one of the most important questions in different appli-
cations that ranges from environmental engineering to petroleum research. In the
paper, we investigate two-dimensional two-phase flow in porous media. The phases
are almost immiscible fluids of different densities which implies that we have a sharp
interface between them.

Such models are often applied in studying the porous media flow, both in one
and two-phase flow. In the one-phase flow, we find applications when modelling
saltwater intrusion in the coastal aquifers [1]. Two phase systems are way more
often considered, and we find examples of sharp interface in the research concerning
transition between between water and oil [5] or in the frame of problems involving
CO2 sequestration [3, 8].

The governing equations are, as usual, the Darcy law and the conservation of
mass (the continuity equation):

u = −K
µ

(∇P − ρg) , u = (u, v), (1) darcy

∂t(Φρ) + div(ρu) = ρs̃, (2) ce

div = f̃(s̃), (3) comp

where div is taken with respect to the horizontal and vertical variables (x, y), re-
spectively. We denote by K > 0 the permeability matrix of porous media and by µ
the viscosity of the fluids. For simplicity, we shall assume that both permeability
and viscosity are constants i.e. that we can normalize all the parameters above to
be equal to unity. By g we denoted vertically directed gravity and ρ is density. The
function s̃ represents source or sink term and f̃ describes the (in)compressibility. If
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f̃(s̃) = s̃, then we assume that the surrounding fluid is incompressible. Otherwise,
we have compressibility at some rate.

Since the interface is sharp, we can assume that the density distribution has the
form

ρ = ρh + (ρl − ρh)H(φt(x, y)) (4) rho

where H is the Heaviside function, ρh and ρl are densities of heavier and lighter
fluid, respectively, while φt is the interface position at the moment t ≥ 0. In other
words, we assume that the interface between the two fluids is

Γt = {(x, y) : φt(x, y) = 0}.

We additionally suppose that the the flow is periodic with periodicity L, hence we
take as a domain the strip Π = [−L,L] ×R. The initial position of the liquids is
given by the smooth function φ0 : Π → R such that the liquids are separated by
the curve Γ0 = {(x, y) ∈ Π : φ0(x, y) = 0} and that the denser liquid occupies the
position φ0 > 0 (above the interface).

Using such assumptions, we can analytically consider the dynamics by applying
the method originally introduced in [2], and further developed in [4, 6, 7]. It is a
level set type method in the frame of which we follow particles from the boundary.
The dynamics is described via Green’s function, more precisely by solutions of the
Poisson equation with regularized δ-distribution as the force term (on the right-
hand side of the Poisson equation).

As for the numerical simulations, we use an approach involving the stream func-
tion. The stream function together with the initial density distribution determines
the velocity, and the velocity, via the continuity equation, determines the density
distribution in the next time instant. In order to stabilize the procedure, we assume
that the fluids are miscible, but with very small miscibility rate.

The paper contains two sections and Introduction. In the first section, we ana-
lytically consider dynamics of the interface with the special attention on the tip of
the interface. In the second section, we provide numerical simulations which show
comparison between the dynamics with or without a source/sink.

2. Derivation of the model describing the interface dynamics

Let us consider (1), (2), (3) in the rescaled form. As we shall see in the sequel,

it is also convenient to rewrite s̃ and f̃(s̃) in the form s̃ = ∂s
∂x and f̃(s̃) = ∂f(s̃)

∂x .

u = −∂p
∂x

(5)

v = −∂p
∂y

+ ρ (6)

∂ρ

∂t
+
∂(ρu)

∂x
+
∂(ρv)

∂y
= ρ

∂s

∂x
(7) mass1

∂u

∂x
+
∂v

∂y
=
∂f(s̃)

∂x
(8) compres

where, as before, p is pressure, ρ is density and u, v are horizontal and vertical
speed of the fluid, respectively. The function s correspond to the source term, and
the function f describes the (in)compressibility.
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We prescribe the periodic boundary conditions for u = (u, v) and assume that
speed vanishes at infinity:

u|x=−L = u|x=L,

u|y=±∞ = 0.

By differentiating the first equation by y and the second equation by x (i.e. taking
curl of (1)), we obtain the relation:

∂u

∂y
− ∂v

∂x
= −∂ρ

∂x
. (9) curl

Taking (8) into account we rewrite the equation (7) as:

∂ρ

∂t
+ u

∂ρ

∂x
+ v

∂ρ

∂y
= ρ

∂(s− f(s̃))

∂x
.

Inserting (4) here, we obtain:

∂φ

∂t
+ u|Γ

∂φ

∂x
+ v|Γ

∂φ

∂y
= ρ

∂(s− f(s̃))

∂x
, ∀(x, y) ∈ Γt.

We analyze this equation from the viewpoint of characteristics, which yields

ẋ = u

ẏ = v,

where we have denoted by (x, y) the position of the particles on interface Γt. The
initial conditions are given by x(0) = x0, y(0) = y0 where (x0, y0) ∈ Γ0.

From (8) we conclude that there exists a stream function F satisfying

u− f(s̃) =
∂F

∂y
(10)

v = −∂F
∂x

. (11)

Inserting the latter relations into (9), we conclude

∆F = −∂ρ
∂x
− ∂f(s̃)

∂y
in Π. (12) h1

At this moment, we need to assume that the interface Γt is smeared. Namely, the
solution to the (12) belongs to Hγ(Ω), γ ≤ 1 implying that F is not continuously
differentiable and this property we shall need in order to apply the method from
[2]. Analytically, this means that we need to take convolution of (12) using the
standard mollifying techniques. Thus, instead of (12), in the sequel we shall work
with

∆Fε = −∂ρε
∂x
− ∂f(s̃)ε

∂y
in Π; (13) Fe

uε − sε =
∂Fε
∂y

, vε = −∂Fε
∂x

. (14) stream1e

We remind that ρε, sε, f(s̃)ε are such that ρε → ρ, f(s̃)ε → f(s̃), and sε → s
strongly in L1

loc(Π).
Next, denote by δε = δε(z), z ∈ R, the regularization of the δ-distribution so

that δε is an even non-negative function increasing for z < 0, and decreasing for
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z > 0. Then, we define the sequence of smooth functions Gε on [−L,L] ×R such
that

−∆Gε(x, y) = δ′ε(x)δε(y).

Gε|x=−L = Gε|x=L = 0.

There is a function G such that Gε → G in the sense of distributions and such that

−∆G(x, y) = δ′(x)δ(y) (15) Poisson

G|x=−L = G|x=L = 0 (16) boundP

which is such that G ∈ H−1(Π). It is easy to establish the following properties of
G.

l1 Lemma 1. The function G (and Gε) has the following properties:

(i) G(·, y) (and Gε(·, y)) is odd for every y ∈ R;
(ii) G(x, ·) (and Gε(x, ·)) is even for every x ∈ [−L,L];
(iii) G(x, y) ((and Gε(x, y))) is positive for x < 0 and negative for x > 0.

Proof: We shall prove the statement for the function Gε. The proof for G is
obtained by taking the limit. The first two properties are obvious, while the third
can be proven by noticing that sign(δ′ε(x)δε(y)) = −signx, hence sign(∆Gε) =
sign(x) and Gε is superharmonic on Π− and subharmonic on Π+. Then by invoking
the maximum principle we conclude that Gε is positive on Π− and negative on Π+.

We extend the definition of Gε to the whole of R2 by periodicity. 2

Actually, we can solve (15), (16) analytically. We have the following lemma.

Lemma 2. The function G is given by

G(x, y) =
1√
2π

∫ ∞
−∞

g(x, ξ)e−ıξydξ

where the function g equals

g(x, ξ) = − cosh (ξL)

sinh (2ξL)
sinh ξ(x+ L) + cosh (ξx)u0(x). (17) def:g

Proof: By multiplying (15) with eıξy and integrating over y from −∞ to ∞ we
derive that

d2g

dx2
− ξ2g(x, ξ) = δ′(x). (18) eq:g

The boundary conditions reduces to:

g(−L, ξ) = g(L, ξ) = 0. (19)

The general solution of the equation (18) with boundary condition g(−L, ξ) = 0
can be obtained by using the Laplace transform to derive:

g(x, ξ) = C sinh ξ(x+ L) + cosh (ξx)u0(x).

Taking into account the other boundary condition g(L, ξ) = 0 we obtain that the

solution of (18) is given by (17). 2

Finally, we can describe the vertical displacement of the (smeared) interface.
Before we state the proposition, let us recall that δ(φ) is the δ-distribution on the
curve Γt, i.e., the distribution such that:

〈δ(φ), ϕ〉 =

∫
Γ

ϕω
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for all ϕ ∈ D(Π) and the 1-form ω satisfies the equation dφ ∧ ω = dx ∧ dy. The
following statement holds.

prop3 Proposition 3. The vertical displacement of a point (x0, y0) ∈ Ω defined through
the characteristics

ẏ :=
dy

dt
= vε,

is given by the formula:

dy

dt
= −(ρh − ρl)

∫
Γ

Gε(x− x0, y− y0)φxω +

∫
Ω

∂f(s̃)

∂y
(x, y)Gε(x− x0, y− y0)dxdy.

(20) propagation

Proof: According to (14), we have

vε(t, x0, y0) = −∂Fε
∂x

(t, x0, y0) = −
〈
∂Fε
∂x

, δx0
δy0

〉
=

〈
Fε, δ

′
x0
δy0
〉

= −〈Fε,∆G(x− x0, y − y0)〉
= −〈∆F,Gε(x− x0, y − y0)〉

=

〈
∂ρ

∂x
+
∂f(s̃)

∂y
,Gε(x− x0, y − y0)

〉
= (ρl − ρh) 〈δ(φ)φx, Gε(x− x0, y − y0)〉

+

〈
∂f(s̃)

∂y
,Gε(x− x0, y − y0)

〉
= −(ρh − ρl)

∫
Γt

Gε(x− x0, y − y0)φxω

+

∫
Ω

∂f(s̃)

∂y
(x, y)Gε(x− x0, y − y0)dxdy.

This concludes the proof. 2

Let us now assume that the interface has the tip at (x0, y0) = (0, 0) and that
the heavier fluid is above the lighter one. We also assume that the fluids are
incompressible. Actually, we assume that the function φ0 which we regularize
by mollifying it with the parameter ε > 0 has a minumum at the point (0, 0).
Physically, it means that the interface is smeared and that we consider dynamics
of the middle of the smeared area. We have the following statement.

Proposition 4. Assume that the source term s ≡ 0 in (20). Assume that the
function φ0 determining the interface between the fluids decreases for x < 0 and
increases for x > 0. Then, vε(0, 0, 0) < 0 i.e. the tip of the fluid is moving
downwards. Moreover, the speed of the tip is the fastest one among the speeds of
the interface points.

Proof: From Proposition 3, we know

vε(0, 0, 0) = −(ρh − ρl)
∫

Γ0

Gε(x− x0, y − y0)φxω. (21) eq1

According to the assumptions on the geometry of the interface, we can rewrite the
interface given by φ ≡ 0 by y − ϕ(x) = 0 for some C1(−L,L)-function ϕ. Thus,
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f1

Figure 1. The interface at t = 0 is given by φ0(x, y) = y − ϕ(x).
Heavier liquid is in the region y > ϕ(x) and the lighter one in
y < ϕ(x). The function Gε is plotted in order to explain the sign
of the product ϕ′(x)G(x, ϕ(x))

(21) becomes

vε(0, 0, 0) = −(ρh − ρl)
∫ L

−L
Gε(x, ϕ(x))ϕ′(x)dx < 0,

since, according to property (iii) from Lemma 1 and monotonicity properties of ϕ
(see Figure 1),

Gε(x, ϕ(x)) > 0, ϕ′(x) < 0, x ∈ (−L, 0)

Gε(x, ϕ(x)) < 0, ϕ′(x) > 0, x ∈ (0, L)

Therefore, and since ρh > ρl, it must be vε(0, 0, 0) < 0 and it is the smallest value
(its absolute value is the largest) among all the points from the interface. The proof

is over. 2

Clearly, the source or sink term s as well as compressibility can influence on the
motion of the interface and formula (20) precisely describes the influence. We shall
describe this in more details in the next section.

3. Numerical simulations

In this section we present numerical simulations in two different scenarios; dy-
namics of incompressible fluid without the source and dynamics of compressible
fluid with the sink term (eg. we extract natural gas or CO2 out of a brine). More
precisely, we shall deal with fluids satisfying the following equations (s = 0 in the
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first, and s < 0 in the second case). The compressible fluid in porous media is
governed by the following equation

u = −∂p
∂x
, (22) d1

v = −∂p
∂y

+ ρ, (23) d2

∂ρ

∂t
+
∂(ρu)

∂x
+
∂(ρv)

∂y
= ρs, (24) d3

∂u

∂x
+
∂v

∂y
= 0. (25) d4

As before (see Section 2) we introduce stream function F which yields

∂2F

∂x2
+
∂2F

∂y2
= −ρ. (26)

Our aim is to construct a sequence of approximate solutions which converge
along a subsequence toward a weak solution of the problem (22), (23), (24), (25).
Before we present simulations, let us briefly outline the solution strategy.

In general, for given ρ0, fix the time interval [0, T 〉, T > 0 and split it on m > 0

even subintervals [ jTm , (j+1)T
m 〉, j = 0, . . . ,m− 1. Iterate following three steps:

(a) In order to obtain F, solve

∂2F

∂x2
+
∂2F

∂y2
= −ρn.

(b) Compute

un =
∂F

∂y
, vn = −∂F

∂x
.

(c) In order to obtain ρn+1, solve

mρn+1 +
∂(ρn+1un)

∂x
+
∂(ρn+1vn)

∂y
− ρn+1s = mρn + ε∆ρn+1.

As for space discretization, we will use the finite element method. We present
two numerical experiments obtained by implementing the proposed method on the
domain Ω = [0, 1]2. As a first test (Figure 2) we compute the dynamics of a bubble
whose initial position is given by

ρ(0, x, y) = 1 + 10Hε

(
(x− 1)2 + (y − 0.6)2 − 0.1

)
, (27) initial

where Hε is the regularization of Heaviside function.
In order to stabilize the numerical scheme (in step (c)) we add an extra term

ε∆ρn+1, this is a well-known numerical technique [10]. We set ε = 0.005. For both
simulations we have chosen to march forward in time with the time step 1/m = 0.01.
In the second test (Figure 3) we compute dynamics of the compressible bubble
whose initial position is also given by (27) but we also add the sink term defined
by

s(x, y) = −100 exp
(
−80((x− 1)2 + (y − 0.68)2)

)
.
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sim1

fig21

(a)

fig22

(b)

fig23

(c)

fig24

(d)

Figure 2. Dynamics of the density distribution of a lighter in-
compressible fluid in porous media filled with denser fluid. Here,
red, green and blue color denote densities 1, 6 and 11, respectively.
a) Initial position, bubble starts to raise under the effect of gravity.
b) c) and d) Dynamics of the bubble at time 10, 20 and 30.
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fig24

(d)

Figure 3. Dynamics of the density distribution of a lighter com-
pressible fluid in porous media filled with denser fluid. Here, red,
green and blue color denote densities 1, 6 and 11, respectively.
a) Initial position, bubble starts to raise under the effect of gravity.
b) After 3 iterations we have turned off the source, we can see that
the tip of the bubble was not able to move as the force of the sink
attracted it
c) and d) the dynamics of the bubble at time 5 and 20 under the
influence of the force of gravity.
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